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1 General Description

The Tax Policy Advisers Model is a large-scale overlapping generations dynamic
computable general equilibrium model that can be used to analyze the short and long
run economic and distributional effects of tax reform in the United States, including
the transitional effects of reform on asset prices and housing values and the associated
reform-induced intergenerational redistributive effects.

Consumers in the model have perfect foresight and maximize utility over a 55-year
adult life, including 45 working years and 10 years of retirement. Individual lifetime
utility is a discounted aggregation of utility in each of the 55 periods, which is in turn
a function of leisure and an aggregate consumption good that is a composite of non-
housing consumption goods, owner-occupied housing and rental housing. Bequests
and inheritances are introduced into the model by assuming a fixed target bequest,
and the model includes a simple characterization of Social Security.

Firms are value or profit maximizers and firm managers are also characterized by
perfect foresight. Following the “q theory” of investment behavior, firm managers
calculate explicitly the time path of investment in response to a change in the tax
structure, taking into account convex costs of adjusting investment from its steady
state level. Firm behavior is modeled for each of the three production sectors —
non-housing consumption goods, owner-occupied housing and rental housing — with
owner-occupiers treated as “firms” who produce housing and rent it to themselves,
taking into account the tax advantages of home ownership. The debt-capital ratio is
assumed to be fixed in each industry.
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The government must finance an exogenously specified time path of public ser-
vices, which are assumed to be separable from the individual lifetime utility function.
The government’s tax instruments include a corporate income tax and an income tax
with a progressive wage income tax structure and constant rate capital income taxes
in the initial equilibrium. The model can analyze the short and long run effects of
both reforms of the existing income tax and various kinds of consumption tax re-
forms, including Flat Taxes, the Bradford X-Tax, cash flow expenditure taxes, and
retail sales taxes and VATs. The government must either satisfy an annual budget
constraint or can issue debt for a finite period and then satisfy the annual budget
constraint from that point forward.

All markets are assumed to be perfectly competitive. Market equilibrium in the
model requires that total consumer demand, obtained by aggregating the demands
of each of the 55 generations alive at any single point in time, must equal aggregate
supply in each of the three production sectors — the non-housing consumption goods,
owner-occupied housing and rental housing. In addition, factor demands must equal
factor supplies in the labor and capital markets, the total amounts of debt and equity
held as individual wealth must equal firm stocks of debt and equity, the government’s
budget must be balanced for a specified set of tax instruments, and both individual
and firm expectations regarding the time paths of future prices must be satisfied.

The model calculates all asset values in all three markets explicitly for each period
after the enactment of a reform, taking into account all changes in the tax treatment
of existing capital assets . The model is thus especially well suited to analyzing the
transitional effects of reform, including asset price effects in all three sectors, and the
associated reform-induced redistributions across all generations alive at the time of
reform and for future generations.

The following discussion provides the details of the economic model underlying
the Tax Policy Advisers Model.

2 Timing Conventions

The model is constructed in discrete time and adopts the following conventions. All
flow variables, including consumption, labor supply, saving, and investment occur at
the end of the period. Individual utility levels, which are based on current and future
levels of consumption and leisure, are calculated at the end of the period, and the
issuance of debt and new shares to finance new investment occurs at the end of the
period. The prices related to all flow variables are also determined at the end of
the period. All stock variables, including asset values, capital stocks, and the stock
of debt are measured at the beginning of the period. That is, stock values at the
beginning of the period reflect flow values at the end of the previous period.

Present values of consumption and income for individuals are calculated at the
end of period zero. Thus, period zero consumption is not discounted, and period
one consumption is discounted for one full year. Since present values are taken at



the end of the period, asset values measured at the beginning of the period must be
adjusted by interest for one period to be comparable with consumption, wages, and
other prices, which are measured at the end of the period.

Since individual asset values are calculated at the beginning of the period, firm
values must also be calculated at the beginning of the period; that is, present values for
production are measured at the beginning of the period. All firm cash flow variables,
including investment, sales, labor purchases, etc., occur at the end of the period.
Thus, in calculating the value of the firm, the first period term is discounted, since it
is calculated at the beginning of the period, evaluating cash flows that occur at the
end of the period.

Births and deaths occur at the beginning of the period, as do inheritances and
bequests. Thus, an individual is of age zero all of the birth period and age one all of
the following period. Age a is defined at the beginning of a particular time period
t and thus changes with time. For example, an individual of age a = 10 at the
beginning of period ¢ = 0 is age a = 30 at the beginning of period ¢ = 20.

Reform is generally assumed to occur at the beginning of period ¢t = 1, and to be
unexpected. Reform thus affects only consumption C, saving S, and investment [
decisions made at the end of period ¢ = 1 and thereafter, not in period ¢ = 0. This
implies that period zero Cy, Sy, Iy, and capital stock Ky and asset value Ag as well as
period t = 1 capital stock K are fixed in the initial income tax equilibrium. The first
post-reform values are thus flows C', Sy and I, and capital stock K5. However, asset
value A;, which is calculated at the same time reform is announced at the beginning
of period ¢ = 1, instantaneously reflects the anticipated asset value effects of the
reform.

The g variable, which reflects the marginal value of the firm relative to replacement
cost, is measured at the beginning of the period (as are firm values and capital stocks).
Thus, qq is fixed as the value of an increase in the capital stock in period zero under
the income tax regime, and ¢; is the first new value of ¢, measured at the beginning
of period one at the same time when reform occurs. However, the first value of ¢
relevant to new investment decisions is ¢o, since end-of-period-one investment I; is a
function of beginning of period two ¢ and not ¢;.

3 Individual Behavior

Individual behavior is modeled using an overlapping generations framework that con-
sists of 55 cohorts, denoted by ages that range from a = 0 to a = 54, as the individual
economic life span is known (with certainty) to be 55 years. Each generation is rep-
resented by a single individual, who works for the first 45 of the 55-year lifespan and
is retired for the last 10 years. Individual tastes are identical so that differences in
behavior across generations are due solely to differences in lifetime budget constraints.

An individual of age a at the beginning of period s has assets As(a) which have
been accumulated from the time of “economic birth” and are eventually used to fund
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(1) consumption over the individual’s lifetime, including that during the retirement
period, and (2) the bequest. Assets include inheritances, which are assumed to be
received at economic age a = 25 (there are no separate gifts in the model). Bequests
are given at the time of death, which implies that at the time of death (age a = 55)
total assets are just sufficient to fund the bequest BQ), which becomes the inheritance
of the recipient /N H,. Following King and Fullerton (1993), the analysis utilizes the
relatively simple “target model” of bequests, such that INH, = BQs; = BQ(1 +
n)*~*(1+g)**, where n denotes the population growth rate and BQ); is the size of the
bequest in some reference period ¢, typically the initial equilibrium (¢ = 0). Note that
this implies bequests are completely insensitive to changes in economic conditions,
including changes in income and rates of return.

The model assumes that individuals optimize over their life cycles and have
perfect foresight. In any period s, an individual of age a chooses total consumption
Ci(a) and leisure E(a) for s =t,...,t + 54 — a to maximize rest-of-life utility LUj,
Uy(a)=1)

(L+p)t"

t+54—a
1

1-27)

where o1 is the intertemporal elasticity of substitution, p is the pure rate of time
preference, and Uy (a) is utility in period s. Intraperiod utility is modelled as a CES
function of a composite consumption good C(a) and leisure Fg(a),

LUs(a) = (1)

s=t

1 02—1. o2

US(CL) = [C@ _s(a)% + Oé?Es(a) o2 ]02717 (2)

where 02 is the intratemporal elasticity of substitution between the composite con-
sumption good and leisure in any period, ag and a¢ measure the relative intensities
of household preferences for leisure and consumption (with ag + ac = 1), and leisure
is defined as Fs(a) = Hr — Lg(a), where Hr is the total number of hours available in
a period for either labor supply Ls(a) or leisure.

The composite consumption good is modelled as a CES function of non-housing
goods and housing services,

1 o3—1

a3

_ 1 _
Os<a) — [Oéés 803 + OéIUJSHS 031 o3

J7s-1, (3)

where C is consumption of all non-housing goods in period s, H, is consumption of
housing services in period s, ag and ay measure the relative intensities of household
preferences for non-housing goods and housing goods (with ag + ay = 1), and 03 is
the elasticity of substitution between housing and non-housing goods.!

The non-housing consumption good is modelled as a CES function of two goods
— those generally subject to state retail sales taxes and those that are typically tax

!The age subscript (a) has been dropped in order to simplify the notation.



exempt — with the option of including minimum required purchases of both taxed
and non-taxed goods,

g4—-1 o4

C’s(a) = [041?4(013 — bls)% + 0457 (025 - b2s) od ]64717 (4)

where Cj, is the consumption of good 7 in period s, b;s is the minimum required
purchase of good i in period s, a7 and as measure the relative intensities of household
preferences for taxed and untaxed goods (with a; + s = 1), and 04 is the elasticity of
substitution between “above-minimum” quantities of the taxed and non-taxed goods.

Housing services, H,, are also modelled as a composite good specified by a CES
function of the quantities of rental housing services and owner-occupied housing ser-
vices in excess of the minimum required purchases,

a5 o5—1 a5

(OH, ~ bou) 5" + o (RH, — by) 557577, 5

3~

Hy(a) = [a

where OH(a) is the quantity of owner-occupied housing services consumed by an
individual of age a in period s, RHg(a) is the quantity of rental housing service
consumed by an individual of age a in period s, bps and bg, represent the minimum
purchase requirements of owner-occupied and rental housing, o5 is the elasticity of
substitution between the “above-minimum” quantities of owner-occupied housing and
rental housing services, and ap and ag measure the relative intensities of household
preferences for owner-occupied and rental housing (with ap + ag = 1).

The individual maximizes lifetime utility LU(a) subject to a lifetime budget
constraint (recall that present values of individual consumption and income flows
are taken at the end of period s) which requires that

t+54—a (14 706)(Chs — brs) + ps(Cos — bos
0 = TWia)— > b HS)( [1+z'u)(1—pf(iu)] | o

s—t u=t+1

t+54—a

o Z pOs(OHs - bOs) +pRs(RHs - bRs)
Hi:tJrl[l +iu(1 = Ti)]

s=t

where TW;(a) is total wealth available for consumption expenditures at the end of
period s for an individual age a in period s, p, is the producer price of the consumption
good — which is chosen to be the numeraire so that p, = 1, 7. is the average state
retail sales tax rate applied to taxed goods, pos is the unit price of owner-occupied
housing services, and pg, is the unit price of rental housing services. Note that
individuals discount future cash flows at the after-tax discount rate r,

rs = 25(1 - Tis)7

where 7,4 is the tax rate on interest income under the income tax in period s.



Total wealth TW(a) available for discretionary consumption expenditures (those
in excess of any minimum required consumption expenditures) for an individual of
age a at the end of period s is given by

BQt+55—a
TWi(a) = Aga)(1+rs) — - (7)
Hi—ftil (1+7y)
+”i“ )(Hy — E))(1 = Tus — Tss) + SSBy
HZ:t—‘rl(l +7u)
”i“ TR, + LSR,
Hu t+1 1 + TU)

t+54 a

i Z ps(]- + 7_cs)bls +p5625 + pOsts +pRsbRs
s=t HZ:t—H(l + Tu) 7

where A;(a) is the value of taxable assets (including the present value of the inheri-
tance if not yet received and the value of individual ownership of government debt)
in period s for an individual age a, BQ;,55_, is the exogenous bequest, wg(a) is the
wage rate earned by an individual of age a in period s, L is labor supplied in period
s, tws is the average tax rate on wage income in period s, t, is the social security
tax on wage income in period s, SSB; represents social security benefits received
in period s, TRy is transfers received in period s (which are modeled as uniformly
distributed across all 55 generations and growing at the rate of technological growth
in the economy (g)), LSR; is any lump sum rebates received at time s, and p;sb;s
is the cost of meeting the minimum purchase requirement for the consumption good
i in period s. Following Auerbach and Kotlikoff (1987), the wage rate is defined as
ws(a) = wse(a), where wy is the economy-wide equilibrium wage and h(a) is the in-
dividual’s “human capital profile” that varies in a “hump-backed” fashion to reflect
changes in productivity over the life cycle.

Dropping the notation for age to simplify notation and letting [U*], [C*], and [C*]
equal the expressions in the brackets in the definitions of U,, C5, and C; the first
order conditions with respect to Cs and Cy, imply

UST [U*]O-Q—l aé K4 [O*]oaflagoﬁ[c*] od—1 ag}l((Jls bls) o4 _ )\{ ps(l —f—Tcs) }
(14 p)s—t Hu t+1(1 + 7u)

Us;1 [U*] 531 Ckg? 78@:7 [C*] 531 a63 033 [C*] i—1 aglg(CQs b2s)%1 _ )\{ Ds }
(I+p)t Hi—tJrl(l +7u)

Taking the ratio of these two expressions yields



(Cls - bls)%i
(CZS - bQS);T}

1
aa4

il = (14 7.)
gy

which can be written as

(6%
(CZS - b23) = (Cls - bls)ﬂ<1 + Tcs)g4-
act

Substituting into the definition of C; yields

i od4—1 i cd—1. o4
Cs = [a01(015 - bls) o4 + a02(028 — bQS) o4 ]04—1
L o4 a1 a1 o
= [02(Crs = bi) " + agh{(Cry = b)) =2 (L4 70) 71} 5 o0
C1
1 L« a2 _o4
= (Cha = bi)[og] +aZ5(=2) %7 (1+70,)7 s
C1

1 1—04 _o4
= (Cls - 515)[04541 + 04020401"72(1 + TCS)U4_1]J4_1a

solving for (Ch5 — bs)

1 . i

(Cls - bls) = Cs [0541 + Oécgacl%(]_ —+ 705)04_1]1_7?’4,
1—-04 .

= Cs{O‘C(i4 [act + ace(1 + 705)04*1] 1:}747

= Coaci]act + aca(l 4 7e) o0,

e
= CSaCl{(l + TCS)U471[OKCI<1 + Tcs)170-4 + OéCQ]}m,

= Cyocr(l+ Tes) act(l + 7o) ™7 + g o

Solving next for (Cos — bas), recall that

(@]
(Cos — byy) = (Chs — bry)—2(1 + Tes)™,
(07041

07ep)

= {Coocr(1+ Tes) oot (1 + 7o) ™7 4 aia] o3 F22 (1 4 70)7%,

07651
g4
- CsaC? [0401(]_ + 7—05)1_04 + aC2]ma
g4
= CsaC2 [a01<1 + 705)1704 + 0502]m'
Thus, given total non-housing related consumption Cy, the allocation of consumption
between taxed and untaxed goods is

o4

(Cls - bls) - CsaCl(l + Tcs)_g4[a01<]— + Tcs)l_g4 + aC2]m7 (8)

fe

(Cas — bay) = Csacafact(1+ Tes) ™7 + o] T4, 9)



These two terms can be substituted into (6), the expression for total discretionary
wealth, to yield

t+54—a
FSOS +pOs(Os - bOs) +pRs(Rs - bRs)
TWiw) = 2 1 [l +7d ’

s=t u=t+1

where Fi, is given by

1

FCs = ps[aCl(l + 705)1_04 + aC2]1_7U47

which is a function of parameters and the consumption tax rate in period s Note
that when there are no untaxed goods, Fs reduces to ps(1 + 7.s)-

The representative agent also must choose the optimal quantity of owner-occupied
and rental housing services in order to maximize lifetime utility.  Dropping the
notation for age and letting [U*], [C*], and [H*| equal the expressions in the brackets
in the definitions of Uy, Cy, and H, the first order conditions with respect to OH,
and RH, imply

-1 1 D 1 1 =1 1 1 1
Usal [U*]mazg Csoz [C*]ma}? H?J [H*]maas (O bOs) B )\{ POs }
(14 p)s—t Hu t+1(1 + 7u)
1 _ -1 _ 1 1 =1 1 1 _
Uo‘l [U*]gg Ty C C Q[C*]mOé}fIBHU?’ [H*]g5—1a§5(Rs_bRs)g DRs }

5o Moot

Taking the ratio of these two expressions yields

(Os - bOs)gi51 Pos
a7’ (Ry —bps)s  DPhs

«

g“u Q&‘»—t

which can be written as

QR POs\ o5
R, — brs) = (O4 — bps )
( Rrs) = ( O)ao(pRs)

Substituting into the definition of H yields

1 o5—1 L o5—1. o5
HS — [a65 (OS — bOS) ob —|— g; (RS — bRS) ob ]05—1
1 5,1 1 o5—-1 , (X ag5—1 pOS o
= [0F (05 —b0s) "7 +aF (0, —bo,) o (—0) % (5227517
ao DRs
L 1 Oé go0— S o5— (o2
= (0 = boo)[og + af (S1) 5 (F22)e5 )7
@o PRs

1 - S\o
— (05 —bos)|aF + arao 055@0 )7
Rs



Solving for (O, — bp,)

1 - o
(Os _bOs) = Hs[ +aRaO ”55(p0 )05 1]
PRs

1—05 p S\o
= H{ay™ [ao+ ar(— o )75~ 1]} %5
PRs
POs o
(522)75- 1]

= Hsaolao + agr
PRs

S\ob— S\1—o _o5 _
— Hao{(22)7 1[ao<§i>1 5 4+ ap}To

Rs Rs

= Hoao(E2)=5a0(B22)1-75 4 o155
DRs DRs

Solving next for (Rs; — bgs), recall that

QR POs ob
Rs —b s = Os - bOs -
(R=br) = (0= bo) 22 (%)
POs\ _o POs\1—& o5_+ AR POs\s
= {Hoo0(=2)""lao(=22)1 77" 4 ap] o5 }— (=22)7°
Rs PRs @0 PRs
= Hyoglao(B2)1=75 4 ap] 25,
PRs

Thus, given total housing consumption H,, the allocation of consumption between
owner-occupied and rental housing is given by

S\—o S\1—0o _ob5
(05 = bos) = Hyao(222) 5o (F22)175 4+ o) 1755 (10)
PRs PRs
(Ry — bs) = HaR[ao(];OS)l 7 4 o] 5. (11)
Rs

Substituting these terms into the expression for total discretionary wealth yields

t+54—a

Z FCSC +FH5H5
Hu t+1 1+TU]

, (12)

where Fy,,the price index for the composite housing good, is defined as

(pOS)l o5 1

Fy, pRs[OéO + OéR]m.
PRs

The consumer chooses the optimal amounts of the non-housing and housing compos-
ite goods by maximizing utility with respect to Cs and Hy. The Lagrangian is given

1 t+54—a U (l— 1 ) t+54—a FO C + FH H
£=—— —S + MTWs(a - —
(1- ﬁ) ; (1+p) Z [Tocea 1+ 7]



where, repeating from above,

5—1 agb agb

1 o5— L o
H, = [0455 (OHS — bos)% —’—a§5(RHs _ bRs) o5 ]0571 — I:H*:Io'Sfl'

The first order condition with respect to Cj is

A E g O (G e e R
(1+p)s [l 147
U] S Doz OR ()G OF _ Fe.
(1+p)> [l 147

while, similarly, the first order condition with respect to H; is

ﬁ) a2

U =G CR (O = B P
1+ p)t [locia (1 + 7]
Taking the ratio of these two conditions yields
1 -1
aé?) 0'3 _ FCS
aé{i HSO'3 FHS )
Solving for H,
FC’S aH
H. = a3
S (FHS aG S
and substituting into the definition of C; yields
= g3~ 1 o3—1._ 03
C, = A [agf’ f’3 —}-a}’f’Hs o3 ]03—1
B X Fos yp30H ~ jo8-1, o3
= A [aG3 P tag [(F_HS) a_GC’S] o3 ]0371
— F s _o3
= CAl[OéG +OZHOzG (FC )03_1]0331
Hs
1 1-03 [ o o3
= OAl[OéG +OZHOzG (FC )03_1]0331
Hs
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Solving for C yields

Cs = %[aé”nL&Haéz”?’(?—Z)"?’ 1 755
— Z_j 12?(?22)03 I <§zz)1as+a ==
= %ag(g_flz) 03[ (?Zz)l—ﬁ_{_a}[]lr_ris
Solving next for H,, recall that
Ho = (G2rcic,
= (]Z::ZZ 0321;’310[ (%)—03[QG(§_Z)1—03+QH]11_733
ooy s,

Thus, given total composite consumption Cj, the allocation of consumption between
non-housing and housing goods is given by

. 68 FCS _ FC'S 1—03 153
Cs = AlaG(FHS) [aG<FHs) + o) (13)
C_’s FCS 1—03 _o3
H. = == o T—03 | 14
= Seanlog(72)= + au (1)

Substituting these terms into the expression for total discretionary wealth yields

t+54—a

Z FCSOS + FHsHs
HZ:t—i—l[l + 7]

a3
t+54—a Cs [FCSQG<FCS) 03+FH304HHCYG(FC5)1 U3+05H]"3 1

TWi(a)= > =

s=t HZ:t—H [1 + Tu] ’

_ 3
t+54—a %FHS[&G(§§S>1 o3 4 aH][aG(FcS)lfas + ay7T

TWS(a) - z; HZ:tJrl[l + T“] |

t+54—a

Z [l t+1 1 ‘H"u]

where )
Frilog(£2)' ™" + ay] 71
Ay ’

F, =
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and, repeating
1
Fes = ps[O‘Cl(l + 7'C5)17‘ﬂ1 + 0502] T—od

pOS)l — 5

1
Frs = prs [Oéo(p + apg|T-os.

Rs
The Lagrangian for the consumer optimization problem of choosing C; and Ej is

1 t+54—a U 1_7 t+54—a F C
£d=——- -+ MITW, — }.
(1_ﬁ) ; (l—l-p) Z [locia[1 + 7]
The first order condition with respect to C, is
1_-1
(oAl A it e G S
(14 p)st sztﬂ[l + 7
N A N (o B
(1+p)s [l [l + 7]

while, similarly, the first order condition with respect to Ej is

U Ga-sl0 2 B
(14 p)==t

ws(l — Tws — Tss)}

=M Hi:t-l—l[l + 7]

Taking the ratio of these two conditions yields

1 -1
aZCy? F
Eizl ws(l — Tws — Tss).
Solving for F; yields
F. ap. =
E, = - 2 Cs.
{ws(l_Tws 7—55)} (040)
Substituting into [U}] yields
1 _oc2-1 1 o2—1
[U:] — I:Oé o2 CS o2 + &EQ ES o2 ]

1 F _
— o2 S o2 ao_ O 0'2
{aC + aE[{ (1  Tws 7_53)} ( C)] 2 }
_ {aolz +a a12 )Of [ F ](02 1)}6_' -2
¢ ¢ Elw (1 — Tys — Tss)
w5<]‘ T Tss) (1—02) -1) g2-1
= {ac+ ag| }a 72 C, %



or
g2—1

1
U] = FU,al7 M C. 7

where

Ws(1 — Tos — 7_88)](1—02)
F, ’

Substituting back into the first order condition for C, yields

FUSZQC—i-aE[

U] Ga sl g2 0l ) { r }
S S — )\ S
(1+p)st HZ:tJrl[l + 7]
[FU Oz(éi )C_rofrg ]Ozé _(;71) Ja
sy s o Us P

Thus, the first order conditions for the composite consumption good in any two
periods Cy and C,_;imply that

(5-1) /2572 5 A=)

[FUsaOo'Q CS o2 ]ao'2 802 B A{ Fs }
(1+p)s—t HZ:t-s—l[l + 7))
Aqye2=1 1 _ -1

FUof "0 0GR\ Foy
(14 p)s—t=1 HZ;1+1[1 + 7]

Taking the ratio of these two equations and multiplying by (1 + p) yields

C,G) FUS[(i—ﬁ 7525 _ (1+p) F,

Co G Fu, | [Ge=avsszsl (1+7,) Foy

o2

C’S(;;) B (1_|_p) F, FUS*[(éfﬁ)ﬂﬂ

C,\GD  (L+r) Foy pu,_~(G—a0555]
C_’s o [(1 + Ts) stl]al FUS[UO};_UIQ
C_(s—l B (1 + p) FS FUS,1 0‘712:012]

which implies the optimal time path of C,(a)

_ (1+7y) Fy1.y FUT=2T

Cs(a) = ——}Cs 1 (a 15
(a) {[<1+p) Fs] FUHW}} 1(a) (15)

(1 —|— TS) Fs—l

(L+p) F

= {[ ]JlRFUs}Cs—l(a)

where U
o2—ol
RFU, = [—5 5=51,
[ FUH]
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Substituting (15) into (12) repeatedly and continuing this process until s = ¢
yields

t+54—a F {(1+Ts s— 1RFU }0‘ ((l)

(I1+p) Fs
TWila) = ; [Len "‘ru]
_ SR Q) T B ) RFULG
— (14 7= t+1[ + 7]
" 1 AT E) ()RR, Cg B RFU1) " Coal®)
- [1+7,]0-oD [ t+1[ + 7]
::tgia (Lt 2 (F) (R T RFU,)C,_s(a)...

s=t Hu S— 1[1+T ](1 al)Hu t+1[1+ru u=s—1

This can be written as

t+54—a s
1 _|_p> (s— t)ol(F 72)01<Fs)(1_01) B
TWi(a) = FU, )
o) =1 Z [T pall T w770 }(UHAR v
Defining
t+54—a _ s
1+P —(s— t)a(Fs_Q)a(Fs)l o
a) = { : ( RFU,
Z [Tacia [t +iu(l = 7)) ul:[H )}
implies
= TWt(a)
C, = . 16
t(a) \I/t(a) ( )

The consumption path for the remainder of the life for an individual age a is specified
by 16, and the consumption levels of taxed non-housing goods, untaxed non-housing
goods, owner-occupied housing, and rental housing are thus given by

Y S\o3— a3
Cls - bls - 050501[0401 + 0402(1 + TCS)U3_1(Z;_) ° 1](17U3)7

Y —0o ps —o _o3
C2s - b25 = Csacz[acq(l + Tcs)l 3(])—)1 3 + QC2](1—03)’

(O — bos) = Hao[a0+aR(ZZS)U5 1725,

(Ry — brs) = zycwﬂ@o(§08ﬁ B | )T,
Rs
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3.1 The Tax System

The income tax is modeled as a progressive tax on labor income, coupled with flat
rate taxes on capital income. The total tax burden on taxable wage income is defined
as [¢ + (§)(wsLs)|(wsLs), where x > 0 and w,L,is the individual’s wage tax base in
period s. This implies an average tax rate on labor income of

Twavgs = 1/} + (%)(UJSLS)

and a marginal tax rate of
Tws = ¢ + X(wsLs)

When y = 0, the income tax system is proportional.

Capital income is assumed to be taxed at flat rates 74, on dividends, 7,5 on interest
and 7,4, on capital gains. The tax rate on capital gains is an effective annual accrual
rate, taking into account the benefits of tax deferral until gains are realized and tax
exemption of gains transferred at death.

3.2 Social Security

The social security benefit, SSB;, is received by those who reach an economic age
of a = 45 in year s and continues until death at age a = 54 The benefit payment
depends on average wage earnings over the 45 working years and the assumed social
security replacement rate, RSS . Average wage earnings over the first 45 working
years of the individuals life equal

45

AVES = Z Ws—45+4a hs—45+a L65—45+a/45

a=1

where w,_45,, represents the wage in year s + 45 — a, hs_45., is the individual’s
human capital profile factor in that same year, and Le,_45., represents effective labor
in year s — 45 + a of individuals that reached age 45 in year s (reflecting constant
productivity growth at rate g). The social security benefit received is the product of
the replacement rate and average earnings, or

SSBy, = RSS AV E;.

Assuming that social security is self financing (in each period) implies that annual
social security taxes must equal annual benefit payments:

45
Tss Za:1 Wssa Nssa L€s7a SSB,_,

(1 +n)@D (1 + )@t
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4 Firm Behavior: The Non-Housing Production
Sector

The Tax Policy Advisers model has three production sectors — the composite con-
sumption or non-housing good, owner-occupied housing and rental housing. In each
sector, the analysis assumes that firm managers (owner-occupiers in the case of owner-
occupied housing) act to maximize the value of the firm in a perfectly competitive
environment in the absence of uncertainty. The approach utilized is based on Tobin’s
"q" theory of investment, as extended to include adjustment costs by Hayashi (1982).
It is similar to the firm modeling approaches used by Goulder and Summers (1989)
and Keuschnigg (1990).

The non-housing production sector is characterized by a Cobb-Douglas production

function
F(Ks, Leg) = (Ks)al(Les)l_al, 0<a; <1, (17)

where K, denotes inputs of capital used for production in period s, Le, denotes
effective labor used for non-housing production in period s, and «; is the capital
share parameter in the Cobb-Douglas production function.

The size of the population is assumed to grow at a constant rate n. Thus, the
size of the population of age a in year s, Ps(a), is

P,(a) = Pi(a)(1 +n)"".

where P;(a) is the size of this population in some reference time period, typically the
initial equilibrium (¢ = 0). This implies that in any period s, the total effective labor
force is

Le, =) Pi(a)Ly(a) (18)

Initial conditions for Le, and P, are established at the beginning of period zero
(s =0).

Gross investment in period s, [, equals
I, =Ks1—(1-90)K; (19)

where ¢§ is the rate of depreciation of the capital stock. The investment good and
the non-housing consumption good are assumed to be identical (i.e., produced using
a single production function).
Following Goulder and Summers (1989), adjustment costs per unit of investment
are assumed to be
o ps(%)(}l(ss - :u)2

(7)

I
(==
()

(20)

o

=

s

16



where [ and p are the adjustment cost parameters; higher values of S and lower
values of p imply higher adjustment costs. The value of p is set equal to the steady
state ratio of gross investment to capital; that is, p = d +n + g + ng.

The price of the non-housing production good, ps, is assumed to be the numeriare.
Note that for this adjustment cost function, the total derivative with respect to the
ratio of investment to capital, 1=, is

) K’
/ ]5 dq)s ﬁ H 2
O (—) = =ps(=)[1 — ()7, 21
{3 = ey = e = () (21)
and the partial derivatives with respect to investment and the capital stock are
0P, B ooy (I);
and 9% 5 I
s N s i 1% 2 _ s /
ot = PR - ()=~ ()2 (22
Finally, for future reference, note that
I I6] ( )2 B Koo
O, + (=)0, = pi(3)— ) - 2
Y = np)E <{<—> PG~ () (23)
B B Bty By Lo B
- [<2>< )=+ (D) + ()~ (D)

= Bl — ol

S
Investment can be financed with either debt or equity. Firms are as-
sumed to maintain a constant debt-capital ratio, b, so that

B, = bK,, (24)

where B is the stock of outstanding debt at time s. New bond issues in period s,
BNj, are the difference in bonds outstanding in two consecutive periods, or BN, =
Bsy1 — Bs . Combining equations (19) and (24) yields

BN, = b(K,1 — K,) = b(I, — 0K,) (25)

Note that this formulation implies that existing loans are repaid at the rate of de-
preciation of the existing capital stock; that is, loans outstanding in period s + 1 are
Bgy1 = bKsy = DKy — bOK + bl,, so that the existing stock of debt outstanding
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equals bK, 6bK, is the amount of existing debt that is retired in period s, and b/, is
the amount of new debt that is accumulated in period s.

Total equity earnings (before depreciation) in period s, EARN;, are defined as
the value of output less labor costs and real interest payments on the total level of
indebtedness By, or

EARN, = psF(Ky, Ley) — wsLes — isBs. (26)

Dividends paid are assumed to equal a constant fraction (¢) of the firm’s after-tax
earnings net of economic depreciation, or

DIV, = ((EARN, — TE, — p,0K,) (27)

where T'F, denotes total corporate taxes paid in period s. Assuming that adjust-
ment costs are fully deductible and that the corporate business tax rate is 745, total
corporate taxes are defined as

TES = Tbs[ SF(KS, LGS)—wsLS—f1[8(1+(I>S)—fg’isBs+f3bIS—f45bK8—f5(STK;—]. (28)

where " is the depreciation rate for tax purposes and K is tax basis under the income
tax. This formulation accommodates a wide variety of alternative tax regimes. Under
an income tax, with deductions for depreciation and interest expense, fo = f5 = 1
and f; = f3 = f, = 0. Under a “R-based” cash flow business tax which ignores loan
transactions but allows expensing f; = 1 and f; = f3 = fy = fs = 0. Under a “R+F
based” cash flow business tax which allows expensing and treats loans on a cash flow
basis (including the proceeds of the loan in the tax base while allowing deductions for
repayment of interest and principal), fs = 0 and f; = fo = f3 = fy = 1. Assuming
no cash accumulation on the part of the firm, cash inflows in period s must equal
total disbursements, or

EARN,+ BN, + VN, = DIV, + I,(1+ ®,) + TE,. (29)

Following Goulder and Summers (1989), the model assumes individual level arbi-
trage. The after-tax nominal return on bonds is rs = (1 — 744), so that

1-—- DI 1-— —V,—VN,
Ts = (1 - Tis)is = ( TdS) Vot ( ‘;93)(VS+1 i S);

(30)

that is, the effective tax rate on equity income at the individual level is a weighted
average of the tax rate on dividends 74, the effective annual accrual tax rate on
capital gains 7, (taking into account the benefits of deferral and exemption of gains
transferred at death and the cost of the taxation of nominal gains), V is the value of
the firm, V' N; is new share issues, (V1 —V;—V N;) is the capital gain on outstanding
shares, and DIV, is dividends paid. This treatment of equity finance follows the
“traditional” view of the effects of dividend taxation. As noted above, dividends are
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a fixed fraction of earnings after taxes and depreciation. Investments are financed
from the remaining retained earnings, or with new share issues if retained earnings
are insufficient to finance the desired level of investment. (If desired investment is
less than retained earnings, the firm repurchases shares without paying a dividend
tax.)

Rearranging and simplifying equation (30) yields
(1= 7gs)Vsr1 = (1 = 74s) (Vs + VIN) — (1 — 745) DIV, + [(1 — 745)is] Vs,

1_ S
Virr = Vi(146,) + VN, = [;—

|DIVy, (31)

— TgS

_ (I=7is)is
where 6, = o)

of the firm by repeatedly substituting for V., ; as follows. Note that V.5 can be
written as

. Equation (31) can be used to obtain the expression for the value

1— 74
Vira = Viri (14 0s41) + VINgyy — [M]D[VLH,
(1 - Tgs+1)
so that substituting for V;; yields
_ (1 - Tds)
Virz = {Vi(1+6,)+ VN, - [ﬁ}DI‘/S}<]‘ +0541)
— Tgs
VN - (T iy
(1 — Tgs+1)

‘/s+2 - Vvs<1 + 05)<1 + ‘gs—H) + VNs(l + 98+1) + VNs+1

(1 —7as) (1 — Tds+1)
— = )DIV(1 + 0s11) — [ =] DIV 1,
[(1 _Tgs)] ( +1> [(1 _7—95—1—1)] +1
Similarly, V.3 can be written as
B (1 — Tast2)
Virs = Vaya(1 4+ 0s12) + VINgyo — [ DIV,
(1= Tgsto)

so that substituting for Vi, o yields

Vies = {Vi(14+60)(1+0501) + VN1 +0541) + VINeiq

_d=7a) _ (L= Tas)
[(1 _ Tgs)]DI‘é(l + 984-1) [(1 — Tgs—l—l)]DI‘/s_H}(l + 08+2)
VN [%] DIVi.s,
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V5+3 = Vs(l + 98)(1 + 684-1)(1 + 05-1—2) + VNS(l + 95-1—1)(1 + 95-1—2)

1- s
+VN8+1(1 + 03+2) + VNS+2 - [%]D[%(l + 95+1)(1 + 05+2)
gs
(1 — 7as41) (1 — Tdst2)
—|—=<|DIV 1 (1 4+ 0510) — | ——=| DIV 4.
[(1 — Tgs-l—l)] +1( +2) [(1 — Tgs—i—?)] +2

Continuing this process indefinitely yields

T T
Vit = VH1+6 +ZVN I1 ¢ 1+9j)—2[(1—”“)mv H (1+6;)

Jj=s+1 u=s ( _Tgu) Jj=s+1

which can be solved for V,

Ve LI Drv, — VNITTL, (14 6))
T.(1+0,) (1 +0,) |

Taking the limit as T' — oo and imposing the transversality condition

s =

T
. 1
A Ve Ht At0, "

which rules out the possibility that the firm may become infinitely large, yields

(1=7au) J|DIV, = VN,
(1—-7 uw w
g 2
V= Z [L-,(1+0,) (32)

for s > t. That is, V, equals the present value of all future net distributions to
shareholders. Note that under the assumption of individual arbitrage, the firm’s

(1—Tiu)ig

discount rate 6, = Ty is increased to reflect the fact that dividend distributions
Tgu

avoid the capital gains tax that arises when the firm retains earnings. Note also that
this is a perfect foresight condition in that the firm must predict all future values of
the interest rate (in 6;) and the tax rate variables. The firm’s manager chooses L,
and I, to maximize its market value, as defined in (32), subject to the constraints
(17-29).

To simplify the expression for the market value of the firm, substitute from (24),
(26) and (28) into expression (27) and simplify to yield

D[‘/S = C[(l - TbS)<pSF(K57 Les) - wsLs) - (1 - Tbsf2)isBs (33)
+7-b8f1[S(1 + (I)S) - f37—bsbIs + f47-b56st + fSTbs(STKST - ps(SKs]
Using equation (27) to define dividends paid out as a share of after-tax earnings net
of depreciation as follows:

DIV,
EARN, — TE, — p0 K,

(=
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Subtracting one from both sides and dividing by ¢ yields

DIV, EARN,—TE;—ps6Ks
¢—1 _ EARN,~TEs;—ps0K; EARN,—TE,—ps0Ks
- DIV, )
¢ EARN;—TE;—ps0K;
(—1
D[VS(T) = DIV, — FARN,+TFE, + p,0K,. (34)

Rearranging the firm’s cash flow equation, given in equation (29), to express new
share issues in terms of other variables yields

V Ny = DIV, — EFARN, + TE; + 0K, — 0K, + I,(1 + ®5) — BN,.

Using equations (34) and (25) to substitute for terms in the equation above yields

VN, = D]VS(C—ZI) — 0K+ I(1 + ®5) — b(Is — 6K). (35)

Substituting equation (35) into equation (32) yields

v >, DIV,[%] = L(1 + ®,) + 0K, + b(I, — 0K,,)
s —Z [T .(1+46,) ’

where

Qu (1_Tdu) C—l

so that

Substituting for the value of dividends, as defined in equation (33),and recalling that
B, = bK, implies that

u

Vo= S gyl =P (e —wls) @)

_(1 - 7—bsf2)(zuisbl:(s + flTbsQu[s<1 + (I)s) - fSTbsQub[s
+f47—bsQu5st + fSTbsQuéTKg - psQusz]
—L,(1+®,)+ 0K, +b(I, —dK,)}.

The term f5755€2,0" K7 reflects the amount of tax savings from depreciation al-
lowances, which include both those attributable to past investments (previous to time
t) and those attributable to future investments made after time ¢. In order to max-
imize the value of the firm, the firm’s manager chooses the optimal path of future

21



investments. Accordingly, it is useful to distinguish between the present value of
depreciation allowances on old capital, which are irrelevant to this decision, and the
present value of depreciation allowances on future investments.

To separate out these two effects from the term f57,:€2,0" K7 it is necessary to
trace out the time path of the tax basis, K7. This path differs from the true capital
accumulation path due to the modestly accelerated depreciation allowances under
current law. For s > ¢, the time path of the tax basis, K7, follows the equation

K =I,1+(1-0)K],.

S

Substituting for K7 | = I;_o + (1 — §")K]_, into the previous equation yields

Kr=1I, 1+ (1 =06, o+ (1—0)2KT,.
Similarly, substituting for K7 , = I,_3+ (1 — §") K,_» yields

Kl=1,_ 1+ (1 =0, o+ (1 —86) s+ (1-0)3K,.

In general (i.e., for s =t — 3 above, and noting that the summation over v below
begins at v =t = s — (s —t) and ends at v = s — 1),

( (STStKT—i-Z 67’31][

that is, the tax basis at time s reflects the ba81s existing at the beginning of the period
in the year of enactment (¢) plus all new investment since time ¢ through time s — 1
(but not s, since the capital stock is measured at the beginning of the period). Thus,
the term in equation (36) that reflects the present value of tax savings from all past
and future depreciation allowances,

o0 u

U=s8 v=S8

can be rewritten as the sum of two terms as follows

{ZH a +9 175007 YK (38)

T T\u—1 - 1 T
{Z[Tbu9u5 (1-207) gm]}f(t
T u— 1—] - 1
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The second term in equation (38) represents the tax savings from accelerated
depreciation allowances on future investments, and can be expanded (noting that
there are no terms in the sum when s = t) to yield

00 u—1 u
1
T T\u—1—j
s+1 1
= Tbs+1Qs+15T H m[fs]
_s+2 1
+7—b5+295+257— H m[Lﬂ.l + Is(l — 5T)]
5—13
+her3Qer0” [ | m[18+2 + Lo (1= 07) + L(1 = 07)?]
sJ_r4 1
+7ps 4420407 [ | W[Isw + Lia(1 = 07) + Lipa (1= 07)% + I(1 = 07)%)...

Collecting terms with I; yields

s+1 s+2
1
T {Tps 41251107 H (110, + (1 = 07)Tps1225420" H (1 +6,)
s+3 1 s+4 1
1—07) 27300307 —_ 1= 0737 psaaQsiad” —_— .
+( )Tb+3 +3 E(1+ev)+( )Tb+4 +4 g(1+9v)}
o u 1
= ] 0,07(1 —¢7)vs71 )
u[u_zs;_l Toud by ( ) E (1 + 0@)}
Similarly, collecting terms with I, yields
s+2 1 s+3 1
[s+1{7bs+2Qs+25T£[S 50, + (1 = 07)Ths4382430" H 156,
s+4 1
+(1 -0 ) Tbs+4Qs+46 H 1 T 9 ) }
> 1
= I Q0T (1 = §m)us .
+1[u;1 b ( ) H (1 + 91})]

Summing over all such I, terms yields
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u

- = T T\u—j—1 1

j=s u=j7+1 V=S

which can be rewritten as

u

- - T T\u—j—1 1 ! 1

Jj=s u=j+1 v=j+1

Repeating from equation (38) above and substituting the new expression for the
second term yields

oo J
M+ 1+ ) J70uS007 KT

U=S§ V=S8

©
= D l+— 1+ gy e (1 — ) YK

U=S V=S8

J

+Z{I]~[Znumf< =0Ty H(1+e H +9)}

Jj=s u=j+1 v=j+1

which can be written as

B
where
G T T\uU—j - 1
Z; = ;[T,mszua (1—07) [:[] m]

and X; = Z,K]. The first term — X; — is the value of future depreciation deductions

on “old” capital existing at the time of reform and the second term is the value of

depreciation deductions on all investment made after the enactment of reform.
Substituting from equation (39) into (36) yields

V. = Z H Ty + f5Xi, (40)

U=8 v=Ss
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where

Ly = (1= 7p0)Q[puF(Ky, Ley) — wy Ly
— K[ (1 — Ty f2)iub — 0(1 — b — Qu (1 — fuTpsh))]
—Iu[l —b— QuTbs<f1 — fgb) — f5Z + @u(l — TbuQu)]-

The firm maximizes (40) subject to the constraints

Koy =1, + (1 - 6K,

and

T—oo

Given this, the Lagrangian can be defined as

o0 u 1 .
=2 [ Pt e aialh (1= 8 = Ko

U=S V=S8

o0 u

311 ﬁ{ru b Xt QoL+ (1= 8) Ky — Ko},

U=8 v==8

where

* - ]'
Tut1 = [H W]Quﬂ-
The necessary conditions for a maximum are derived as follows. First, the neces-
sary condition with respect to the optimal choice of labor in each period,

0L OF N 1
dLe, ~ (L7 o) hlps g wS]ZH(lJer) 0

U=8 V=S8

implies

ws = psF, (41)
that is, in equilibrium the wage rate must equal the value of the marginal product of
labor, psF7..

Second, the necessary condition with respect to the optimal choice of investment
in each period is given by

o Z:l:[ 1500 [—1+b+ f5Zs1 + QuTes(f1 — [3D)
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0P,

_q)s(l - Tbst) - [s(l - Tbst) a] + QS+1] 0
Recalling that 84’: = a 7> allows us to write this expression as
I
Gst1=1=b— fsZs11 — QuTus(f1 — f3b) + (1 — 73582 [P + ?(I);] (42)

This describes the variable commonly known as Tobin’s ¢ — the ratio of the market
value of a marginal unit of capital to its replacement cost. It demonstrates that the
shadow price of additional capital goods (¢sy1) must equal the after-tax marginal cost
of capital goods (the right hand side). Since the investment good is the numeraire,
the first term in the equation indicates that the shadow price is simply one in the
absence of debt and taxes. The second term reflects the financing of a fraction b of
the cost of the investment with debt. The third term reflects the reduction in the
shadow price of new capital goods due to tax deductions for depreciation. The last
term reflects the costs of installing new capital goods with immediate expensing of
such adjustment costs. Recalling [, + II(—SCI);] = psS( [[{S) — p], this equation can be
solved to give the optimal investment rate for the firm as

I (gsr1 =14 b+4 f5Zs1 + Qures(f1 — f3b))

Ks B psﬁ( — Tbs s)

It is desirable to express investment demand as a function the value of the firm, V,
rather than of gs;1. To do this, note that, as shown by Hayashi (1982) or Keuschnigg
(1990), the assumptions of linear homogeneity of the production function and ho-
mogeneity of degree zero of the adjustment cost function in investment and capital,
imply the following relationship between marginal ¢ and average g(denoted as Q):

[VS - Xs] V;

K Qs = X (44)

+p (43)

qs =
Thus, the investment demand function can be written as

I ([VS+11<:—+X15+1]_1+b+f5Zs+1+QuTbs(f1—f3b)) N (45)
s I
Ks psﬁ( — Tbs s)
Third, noting that the ¢;; term in £ above has two terms with K, one in the
current period and one in the next period, the necessary condition with respect to
the optimal capital stock in each period is given by

i = 211 %msu—ns)pﬁi—msu—rbsfzmb—au—b—wsa—fmsbm

0K, — 1+40,) 0K,
q = ¢
] ]-_ s bg 8+1 —5 — 15 —
(1= 752 8K}+ (1+6,) ) E(1+9u)] 0
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which implies

09,

. OF
QS<1 — Tbsfg)lsb = Qs(l — Tbs>p587 + 6(1 — b — Qs(l — f47-bsb)) — [5(1 — TbsQS)a?

+QS+1(1 - 6) - QS(l + 05))

Recall that 0, = %, and thus,

, a (1 —7is)
Zs[Qs(l Tbsf2)b + qs (1 _ Tgs>]
oF
= Qs(l — Tbs)psﬁ + 5(1 — b — Qs(l — f47—bsb))
00,
— I (1 — 75582 )0K + qsi1(1 —0) — gs-

Substituting equations (21) and (22) into the equation above yields

i . Qs<]—_7_bs)psaa_[i+6(1 —b—0Q (]-_f47—bs ))+QS+1(1_5) — (s (46)
’ Q (1 - Tbsf?)b + QS (1= TIS))
(1= 70s2)ps (5) () — 1?]

Q (1 — Tbsz)b + qs ((11 :;S))

Equation (46) is the Euler equation. It can be written as the following difference
equation in ¢,

n(1=0) = 4o [0~ b+ gy =i
—QS<1 — Tb3>pS§7F — 5(1 — b — Qs(l — f4Tbsb))
(1= (IR —
Gs+1(1 —=0) = q[1+ %] {=Qs(1 — 745 f2)ish
oF
+Qs(1 - Tbs)psa7 + 5(1 —b— Qs(l - f4Tbsb))
1= p (DI - )
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or

QS+1<1 - 5) - QS(l + Hs) - {_Qs(l - Tbsf2)isb
oF

+Qs< Tbs)psaKs + 5(]— —b— Qs(l - f47—bsb))
I
(1= (G )
which can be solved to yield
OF
u—t _ I _ .
Z{H (1+ 9 —0)" " [Qu(1 = Tpu)pu K, (1 = Tpu fo)inb  (47)

uU=s v=s8

+0(1 —b— Qu(1 — fapsh)) + (1 — TbuQu)pu(g

NG - i)

This equation implies that the shadow price of new capital — ¢, — equals the
present value of future income, reflecting the productivity of the asset, depreciation
allowances, savings in future installation costs and future interest payments. Since

qs = [VSKXS] the value of “marginal” ¢ can be used to solve for average () as follows
Vs X
Qs - Z = (s + Za

that is, average () equals marginal ¢ plus an adjustment for future depreciation de-
ductions on existing assets. It is also interesting to note that equation (46) can be
solved for the user cost of capital developed by Jorgenson (1963) — the minimum
return an investment must yield in order to provide the investor with the same rate
of return that would be received from lending at the after-tax interest rate, or

Qu(l — 70 f2)iyb — (1 — b — Qu(1 — faTpsh s(1+ 0,

(]- - Tbs)ps
~Goi1(1 = 0) — (1= 7 Q)pu(5)(72)” — 7]
+ .
Qs(l - Tbs)ps

Finally, the optimal solution must satisfy

lim K, , > O;Tlim 4., >0 and hm K, .q¢.  =0. (49)

T—00 T+1

4.1 Firm Behavior: The Housing Sector

The analysis of the housing sector is similar to that of the non-housing production
sector in that the model is also based on the q theory of investment modified to
include adjustment costs. In particular, the model explicitly calculates asset values
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in the owner-occupied and rental housing sectors, taking account of the existing dif-
ferences in the tax treatment of the returns to rental and owner-occupied housing
under current law. Analogous to the non-housing production sector, housing owner-
occupiers and landlords are assumed to act to maximize the value of their housing
capital in perfectly competitive markets with no uncertainty. Note that in the deriva-
tions provided below, the superscript, [ = O, R, is used to denote owner-occupied or
rental housing.

The production of both types of housing services is assumed to be characterized
by the same Cobb-Douglas production function

F(K' Lel) = (K)*2(Lel)'™2,  0<ay <1, (50)

where K! denotes inputs of capital and Le! denotes effective labor used in the pro-
duction of housing services in period s, and s is the capital share parameter in the
Cobb-Douglas production function.
Gross investment in period s, I, equals

1= KL, — (1— )KL (51)
where ¢' is the economic rate of depreciation of capital employed in the housing sector.
Analogous to the non-housing production sector modelled above, adjustment costs
per unit of investment are represented as

1
o G )

ol (=) = - : 52
(Ks) ) (52)

where p is the price of housing services and 3 and p are the adjustment cost para-
meters. The value of ;! is set equal to the steady state ratio of gross investment to
capital, which is p! = 6' +n + g + ng.

The framework for determining the value of housing services to homeowners or
landlords is similar to that employed for the non-housing firm. However, in the
housing sector dividends take the form of the service flows from the housing stock
and thus by definition are paid out in full; in addition, new share issues are assumed
to be unavailable.? Thus, investment in the housing sector is all financed by either
debt or equity. Homeowners and landlords are assumed to maintain constant debt to
capital ratios, denoted by b', so that

B, =V\(K)), (53)

where B! is the stock of outstanding debt at time s. New bond issues in period s,
BN, equal the difference between bonds outstanding in the two consecutive periods

2Only 4.3 percent of the net capital stock in the rental housing sector is owned by corporations.
Thus, it is assumed that the rental housing sector consists entirely of non-corporate businesses so
that new share issues are not used to finance rental housing capital.
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sand s+ 1, or

BN! = B!

l
s+1 Bs'

Combining the equation for new bond issues and (53) yields

BN! = W(K.,, - K') = (I - §'K'). (54)
Note that this formulation implies that existing loans are repaid at the rate of depre-
ciation of the existing capital stock in the housing sector; that is, loans outstanding
in period s + 1 are B!, = 'K | = 'Kl — b'' K! + b'T!, so that the amount of old
debt is 'K, b6 K! is the amount of this existing debt that is retired, and I’ is the
amount of new debt that is accumulated.

Earnings in the owner-occupied and rental housing sectors in period s, FARN],
are defined as the value of housing services less labor cost, real interest payments on
total indebtedness, and property tax payments. The earnings equation in each sector
is represented as

EARNSZ = péF<Kiv Lls) - wsLls - isBé - CKiv (55)

where c is the property tax rate imposed on the value of housing capital. Following
Goulder (1989), the labor input in the owner-occupied housing sector represents labor
used in the production or maintenance of owner-occupied housing services. Earnings
in the owner-occupied housing sector are not taxed, but owner-occupiers receive in-
come tax deductions for mortgage interest and property tax payments. The value of

these deductions is
TE? = 97| —isBY — cK?] (56)

where 7, is the tax rate on individual income and 1 is the fraction of homeowners
that itemize.

In the rental housing sector, the total income tax liability of landlords in period
s, assuming that adjustment costs and property taxes are fully deductible, is given
by

TES = 7lpdF(KS L) = wLf = fis B = mK (57)
AL+ OF) + fob LT — fa6 VKT — KT~ f507T KT

where m is maintenance expenditures as a fraction of the rental capital stock in each
period, 67" is the rate of depreciation allowed for tax purposes, K 57 i5 the remaining
tax basis of the rental housing capital stock, and the tax rate on rental housing
income, 7%, is a weighted average of the non-corporate tax rate on landlord profits
and the corporate tax rate (to reflect the modest amount of corporate ownership of
rental housing capital),




where a; and a,. are the shares of housing services produce in the landlord-owned and
corporate-owned sectors respectively.

Again, this formulation accommodates a variety of tax systems. In the initial
income tax steady state, f; = f3 = fy = 0 and f, = f5 = 1. Under the Flat Tax,
the “R-based” cash flow business tax is modelled by setting f; = 1 and fy, = f3 =
fi = fs = 0. Under the "R+F" based version of the cash flow business tax, f5 =0
and f1 = fo = f3 = fs = 1. Also, note that landlords, but not owner-occupiers, are
allowed a tax deduction for maintenance and repair expenditures.

Following Goulder and Summers (1989), it is assumed that neither owner-occupied
nor rental housing owners accumulate cash; this implies that cash inflows in period
s must equal total disbursements in the owner-occupied and rental housing markets,
or

EARN!+ BN! =S+ I'(1 + ®.) + TE! (58)

for [ = O, R, where the net housing service flows to owner-occupants and landlords
are given by S9 and SE, and BN! is new bonds issued in period s. Solving equation
(58) for the net service flow of owner-occupied or rental housing, S%, yields

S! = EARN! + BN! —I'(1 + ®') - TE". (59)

Note that this formulation implies that a fraction of all marginal investments in the
owner-occupied and rental housing sectors must be financed by reductions in the net
service flow to owner-occupiers and landlords, since all housing owners are assumed
to maintain a constant debt to capital ratio and are not allowed to issue new shares
of stock.

Assuming individual level arbitrage implies that the after-tax nominal return to
bonds is equal to the net return of either owning and occupying or renting out a
house. This condition is represented as

S A=) (Vi - V)
(1= 7i)is = i , (60)

S

where V! is the value of the owner-occupied or rental firm, (V! ; — V) represents

the capital gain on owner-occupied or rental housing, and T;S is the effective annual
accrual tax rate on capital gains in the owner-occupied or rental housing sector.?
Solving the difference equation in (60) subject to the following transversality condition

T
1
lim V} —— =0, 61

u=t

(1—745)is

L _
where 0, = i)

, yields

3The tax rate on capital gains takes into account the benefits of deferral of capital gains and the
exemption of most gains on owner-occupied housing.
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1 l
Z{H las (62)

U=s V=S8

That is, the value of owner-occupied or rental housmg equals the present value of all
future net service flows received by owner-occupiers or landlords. The transversality
condition implies the future value of the owner-occupied or rental housing firm is not
allowed to become infinitely large.

4.1.1 Further Details on Firm Behavior in the Rental Housing Market

Landlords choose investment (/) in order to maximize the market value of their
rental housing capital (62) subject to constraints (50) through (58).

To find the net service flow in the rental housing sector substitute equations (54),
(55), and (57) into equation (59). The net service flow in the rental housing sector is
given by

St = pRR(KE Le®) —w,Le® —i,BE — c(pRKE) + b(IF — 6% KE)
_ISR(]' + (I>5R) - TR[pfF(Kf’ Les ) - wSLes - fl]f(l + (I)f)
— fois BE 4 fabI® — f,6bKE — c(pBKE) — fipR (" KE)],

rearranging terms yields

S o= (=PI F(KT, Lef) — wiLel — c(pK ")) (63)
+o(IF — 6" Ky — IR(1 + @F) + fi7RIE(1 + @F)
—(1L=7"f2)is B — fsr"IF + fur"ObK ] + fsrpli (67T K7

Substituting equation (63) into (62), and defining QFf = [1/(1 — 7[,)] yields

Z{H a +9R JQE(1 = )T F(K, Le) —weLel — c(pi K] (64)
+be(1§ —0BKEY — TEQE(1 + ®F) 4+ firRQEIR(1 + ©F)
—(1 =71 fo)Qi BE — fsr QIR + fir QIO K T + firplQl (67T K]}

The term f57EpRQRs" KB reflects the value of tax savings from depreciation al-
lowances on capital employed in the rental housing sector, including both those at-
tributable to past investments (previous to time ¢) and those attributable to future
investments made after time ¢. In maximizing the value of rental housing, the land-
lords choose the optimal path of future investments. Accordingly, it is useful to
distinguish between the present value of depreciation allowances on old rental hous-
ing capital and the present value of depreciation allowances on future investments in
rental housing.
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To separate out these two effects from the term f57 pRQRéRTK R7 it is necessary
to trace out the time path of the tax basis of K. This path dlffers from the true
capital accumulation path due to the modestly accelerated depreciation allowances
provided to rental housing under current law. For s > ¢, the time path of tax basis
K follows the equation

K7 =17+ (1= 0"K",.
Substituting K7, = IF, + (1 — 6"7) K™, into the previous equation yields

KET = If—l ( 5RT) s—2 T ( - 5RT)2K§—T2'
Similarly, substituting K27, = I%, + (1 — 6"") K7, yields

KR =10 4+ (1= ™)y 4 (1= 6720+ (1 - 677 KU,

In general (i.e., for s =t — 3 above, and noting that the summation over v below
begins at v =t = s — (s — t) and ends at v = s — 1),

s—1
KSRT _ (1 . 6RT)s—thR7— + Z(l . 5Rfr)s—1—jIJR;

j=t
that is, the tax basis at time s reflects the basis existing at the beginning of the
period in the year of enactment (t) plus all new investment since time ¢ through time
s — 1 (but not s, since the capital stock is measured at the beginning of the period).
Thus, the term (fs7EpfQRS" KE7) that reflects the present value of depreciation
allowances on past and future investments,

o u

2 | | 1 R, RORSRT 1R
; Q 5 K T7

U=8 V=S8

can be rewritten as the sum of two terms as follows

{Z H TEpRQRSTY K (65)

1
RQR&RT — 5TV t KRT
+ RQR(SRT o 5RT u—l—][R )
?; | ”Huwfﬁ

The second term in the equation above, the tax savings from depreciation al-
lowances on future investments, can be expanded (noting that there are no terms in
the sum when s = t) to yield
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00 u—1 u

, 1

R RQR(SRT 1 — 6R7‘ u—l—]]R
s+1

- 1
= Tf+1ps+1Q§+15R H(—[IE]

b Bl 00 0
12Ps1 98510 g (1 i Hf)

s5+3

+78 pl Q6T

Collecting terms with It yields

o [+ I (1= 677) + (1 = 072

s+1
] 1
Il plf 6" ] a+om
- s+2 1
+(1 = 6 )il 0l 6" [ ] YL
L
(1= 6127 apl s 501 H REYE)
s+4 1
+(1 = ")l 080 ] ] m---}
- 1
R R R RT Rr\u—s—1
u=s+1 v=s (1 + 9U>
Similarly, collecting terms with I}%, yields
s+2 1
[ﬁ1{75+2pf+295+25& H m
B 5+3 1
+(1 = 6"l ol 0l 6™ [ [ VL)
.
H(1 = 62l 401 H mm}
- 1
R ROR R‘r RT\u—s—1
I 1 Tou Dy S0, 0 -5 —].
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Summing over all such I? terms yields

u

R ROR RT RTyu—j—1 1
_Z{I ZT ROQRSRT(1 — 577 g—(1+9§>]},

=s u=7+1

which can be written as

u

T Tyu—j—1 1 1
—Z{IR Z Tups 8 (1= 0%) 11 <1+eR>]g(1+ef)}'

u=j+1 v=7+1

Repeating from equation (65) above and substituting the new expression for the
second term yields

oo J

E | | 1 R, RORSRT 17R

U=s8 V=S8

J
1
— R RoR
~ X, +ZI Z]HHm]

J
1
— R RmR
- X, +Z[ Z]+1H—(1+QR)]

where
ZR — TR RQR(sRT 1 — 5R7— u—j -
and X = ZFEKF™. The first term — X/ — is the value of future depreciation

deductions on “old” housing capital in the rental sector existing at the time of reform
and the second term is the value of depreciation deductions on investments made
after the enactment of reform.

Substituting equation (66) into (64) yields

V, = Z H FR + fsXF, (67)

U=S8 V=S8

where

Iy = Qi1 =)l FIKY, Ley) — w,Ley]
~KEQR(1 — 7B eplt 4RO — QF (1 - 78 f2)z’ubR far QLSBT
— 1T = bR — TR (fr — feb™) + QI — 1) — f52.7).
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Thus, landlords maximize (67) subject to the constraints
Kﬁu = [R + (1= 5R>K§

and
lim K7 > 0.

T—o0

The Lagrangian for the rental housing market is

ZH FR+f5XR+qu+1[IR + (1= MK} — KL
- Zﬂm{rﬂﬁaxﬂ%ﬂw (1= MK = KE)),

where

u
1
qR* — qR )
ut1 [g —<1+9§)] ut1
The necessary conditions for a maximum are derived as follows.
First, the necessary condition with respect to the optimal choice of investment in
each period is

of 1
aﬁ Z H 1 n QR) {bRQR QR + TRQR(fl fgbR)

U=S8 v==8

OPE
A28~ (L= 0SS — (1= PG + o)

Recall that 88% = iR, this implies

'R

S L R e L)

(68)
Again, this describes the variable commonly known as Tobin’s ¢q. It demonstrates
that the shadow price of additional rental housing capital (g% ;) must equal the
after-tax marginal cost of rental housing capital (the right hand side). The first term
indicates that the shadow price is simply one in the absence of debt and taxes, since
the investment good is the numeraire. The second term reflects the financing of a
fraction b of the cost of the investment with debt. The third term reflects the reduction
in the shadow price of new capital goods due to tax deductions for depreciation. The
last term reflects the costs of installing new capital goods with immediate expensing
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of such adjustment costs. Recalling that [®, + 2= ®'] = p,3 [(II(—Z) — 1], this equation
can be solved to give the optimal investment rate for the firm as

I gl —QF +0RQ8 + 7RQR(f — f307) + ;25

S

KR (L= 7). 3

]+ (69)

In order to express investment demand as a function of the value of the firm, V.2,
rather than qfﬂ, the relationship between marginal ¢ and average ¢ (denoted as @),
as shown by Hayashi (1982), is defined as

r_ [V X 2 v
KR

, Q=

S
Thus, the investment demand function can be written as

R
% K%é%ﬂ_%%w%ﬁ+#Mﬂﬁ fsb™) + fs 2R,
el (= F).0 e

Noting that the ¢  term in the Lagrangian above has two terms with KZ, one in
the current period and one in the next period, the necessary condition with respect
to the optimal capital stock in each period,

0L XK1 1 OF ,
K. ST m{ﬁf(l - Tf)pfaKR — [epyf + 06T — QT (1 — 77)ib"]

U=S§ V=S8

a(I)R s qs s—1 qf
B YT e
u=t u
which implies
QF(1 — 7By bl = sﬁu—T)%aKR mpiQlist
ROR Ry OPF R R R R
+Is Qs (1 _Ts)aKR _QS+1(1 -0 )+QS (1 +05 ))
Recall that HR R oL this implies
, 1—-7R OF
QR — B 4 qffl_—ﬁg] = QR el bl
gs s
Rh%
+I1RQR(1 — 7 )8K — g (1 =6+ ¢f.



Noting that

aq)f If IR
orr ~ \(wmp)
and
Ik 0P 6] i
Ry = T~ RO - ()7,
KT o T

this can be written as

. TR + o+ T — g (1 0%) 4 gf 70)
s QR(1 — TR)DR + qR(l )

(1-7k)
+Q§<1 — R)pR() ()% — 1i?]

Q(1 = )b+ gf =

(71)

Equation (70) is the Euler equation for the rental housing sector. It can be written
as the following difference equation in g,

qR (1 _ 5R) _ qR . [QR(l . TR)bR + qR (1 - Tg)]l
s+1 s s s s (1 . 7_5;) S
—QF1 — )k 8.’?3 + cp + pRQRSN
By IF
FOR( = PR () — 4,
or
1-— TR )
Qil(l - 5R) = (15[1 - H s) — QR(l — Ty )szs
gs
F
—QF(1 — rB)pk KT + cpft 4+ pRQE SR
N
+QH1 - )Py (2)[(ﬁ)2 -1,
or

G (1 —0") = qf[1—06]]

F
—Qf(1 - Tf)pfaaKR + cepf + bRfoéR
EN 2

+Qf (1 - Tf)pf(?[(ﬁy —
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which can be solved to yield

. OF ,
= ST g 1 -0 = et — 0~ s

u=s vV=s

+epf + bRQRSE + QB (1 — 7B

R
Dl il

This equation implies that the shadow price of new rental housing capital — ¢ —
equals the present value of future income, reflecting the productivity of the asset,
depreciation allowances, savings in future installation costs, property tax cost, and

[V

future interest payments. Since ¢ = VK;gSR], this value of “marginal” ¢ can be used

to solve for average () as follows

QR — ‘/SR — R XSR
S KSIE qs Kf?

that is, average () equals marginal ¢ plus an adjustment for future depreciation de-
ductions on existing assets. It is also interesting to note that equation (46) can be
solved for the user cost of capital developed by Jorgenson (1963) — the minimum
return the investment must yield in order to provide the investor with the same rate
of return that would be received from lending at the after-tax interest rate, or
Qu(l — Tpu)igb — (1 —b— Q) + qs(1 +605) — qsi1(1 =96
e (L= Tn)ib = o )l t0) —anl=0) .
Qs(]- — Tbs)ps
B (1- TbuQu)pu(gﬂ(;I(_q;y — 1]
Qs(l — Tbs)ps .

Finally, the optimal solution must satisfy

lim KR > 0; hm q*R >0 and lim K ¢f =o0. (73)

T—00 T—00 T+1 +T+1

4.1.2 Further Details on the Behavior of Owner-Occupiers

As noted above, owner-occupiers are treated as firm owners, analogous to landlords
in the rental housing market, except that they "rent" their homes to themselves. To
find the expression for the net service flow in the owner-occupied sector, substitute
equations (53) and (56) into (59) to yield

59 = pF(KY, Led) —wsLed — (1= 73) [b7(KY) + c(pgK)] + 017 = 0°K7) = I2(1+ @)

(74)
Substituting equation (74) into (62) and defining Qf = [(1 —77)/(1 — 75,)] yields
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=M (et (75)

U=s v==s

where

e = QPIF(K?, Le?) — wsLe?] — K2[Q0(1 — 745)ish” 4+ Qo (1 — 745)cb’p? — Q0 b60°]
+I2[Q00° — Q2 (1 + D))

Owner-occupiers maximize (75) subject to the constraints
K2y = 12+ (1 - 0°)K?
and

lim K7 > 0.

T—o00

The Lagrangian for the owner-occupied housing market is

g lly + (1= 0°) Ky = K]

U=S8 v==8

S H@O{ Ll (1= 07Ky - KT

U=S8 v==s

where
O* - 1 (o]
qu+1 = [H (1 i 65)]Qu+l'

The necessary conditions for a maximum are derived as follows.
First, the necessary condition with respect to the optimal choice of investment in
each period is

00 9B°
Q00 — Q0 (1 + %) — 1290
;IHS 1+00{ ( + ) ua[O+Qu+1}
where % = X this implies
o o oo orHO ]so "o
541 :Qu_b Qu+Qs[®s+(K0)q)s] (76>

Again, this describes the variable commonly known as Tobin’s ¢. It demonstrates
that the shadow price of additional owner-occupied housing capital (¢2, ) must equal
the after-tax marginal cost of owner-occupied housing capital (the right hand side).
Since the investment good is the numeraire, the shadow price is simply one in the
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absence of debt and taxes. The second term reflects the financing of a fraction b of
the cost of the investment with debt. The third term reflects the reduction in the
shadow price of new capital goods due to tax deductions for depreciation. The last
term reflects the costs of installing new capital goods with immediate expensing of
such adjustment costs. Recalling that [®¢ + £=®9] = p2p]( Ko) — p], this equation
can be solved to give the optimal investment rate for the firm according to

I° C] = Q° + poQe
S — S u u . 77
K [ Qo J+n (77)
In order to express investment demand as a function of the value of the firm, V?,
rather than ¢?,,, the relationship between marginal ¢ and average ¢ (denoted as Q)
as shown by Hayashi (1982) or Keuschnigg (1990) and described previously in the
description of firm behavior is used. This implies

o VX=X 0 W
qS_ Kg 7QS_KSO

Thus, the investment demand function can be written as

[O [Vs+1 <;+1] _ QZ + bOQZ

S K:+1
= + .
Ky Q2 I
Noting that the g7, ;term in the Lagrangian above has two terms with K¢, one in the
current period and one in the next period, the necessary condition with respect to

the optimal capital stock in each period,

oL _ ST T L r0m P 001 = )ik + Q21— 7o) pl — Q24°6°]

8KSD U=s v=s 1 + 02) S SaKO
q s—1 qo
_[OQO s+l 1 . 50 _ o 1s 1 0
56K0}+H arayt - argl =0
which implies
F O
Qo1 —72)i,b° = Qpd 0 — Q0 (1 — 74,)cbp? + Q0b°0° + 12922 0P

GK" SaKO
—qoy1 (1= 0°) 4+ q(1 +67).

Ts
m— ,and thus,

Recall that 07 = a

, (1 —74) oF
sQol_ o\po o — Qoo —Q°(1 — i bop°
L [ s( Ts) +q3(1_7_gs>] sP saK u( T )C P
0P
FQOBS° + 1900 =—= — ¢%, (1 — 6°) + ¢

*OK?
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Since

o0P° I°
S — S @/O
oK~ (xR
and
I° o0P°
Pro(=5) = Os — (V1 — O 27
i) = oy Pl - ()

this can be written as

Qg — Q01— T )ebpg + Qob°6° — g2y (1 0%) + S — Qope(9)[(& 52 — 1]
Iy = — )
Qo1 —79)be + qo((ll ))
(78)

Equation (78) is the Euler equation for owner-occupied housing. It can be written as
the following difference equation in ¢,

Bl =) = 2= 0200 = 70+ 2
—Qop° 80 []; + Q2(1 — 74,)cb%pl + Q2b°5°
RIGE — )
or
0 0 0 (1 —7is) . 0 o\
Go1(1=0%) = ¢[1- =72 is] = Q(1 — )b,
—Q0p° 5) ;; + Q0 (1 — 74, cb%pl, + QOb°6°
NG — ]
or

Gora(1=0%) = [l = 0] = (1 = 7)b%,

OF
—Qe° O°(1 = 7. 0,0 Q°po5°
spsaKo+ u( TW)Cb pu_l— ub(s
RN~ )
) Ko

s

which can be solved to yield
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o __ - - 1 o\u—t 0,0 aF o 0\1.0,

a@ = ;{];[ a0 8 g e — (1 = b
o 0, 0 01050 0,0 6 ISO 2 2

FO(L = i )bl + Q007 + Q) [(75) = ]},

This equation implies that the shadow price of new owner-occupied housing capital
— @7 — equals the present value of future income, reflecting the productivity of the
asset, depreciation allowances, savings in future installation costs, property tax costs,
and future interest payments. Since ¢? = VX2 ], this value of “marginal” ¢ can be

K2
used to solve for average () as

o VS o XS
Qs_Kg_q$+K§a

that is, average () equals marginal ¢ plus an adjustment for future depreciation de-
ductions on existing assets. It is also interesting to note that equation (78) can be
solved for the user cost of capital developed by Jorgenson (1963) — the minimum
return the investment must yield in order to provide the investor with the same rate
of return that would be received from lending at the after-tax interest rate, or

Qu(l — Tpu)igb — (1 — b — €, s(L+65) —qsir(1 =96

Qs(]- - Tbs)ps
B (1 - TbuQU)pU(g)[(j%)Z - MZ]
Qs(]- - Tbs)ps 7

with the optimal solution satisfying

lim K7 > O;Ylggoq;‘il >0 and lim K° ¢%° =0. (80)

q
T—o T+ Tooo TH11T+1

5 Market Equilibria

Finally, prices must adjust so that equilibrium is obtained in all periods in all mar-
kets. This requires that aggregate demand (including investment demands, inclusive
of adjustment costs, and government demands) equal aggregate supply for all three
goods (the composite consumption good, owner-occupied housing, and rental hous-
ing), that aggregate demand equal aggregate supply in the markets for capital and
labor, and that the government budget (including both national and state govern-
ments) be balanced in each period (with the option of increasing government debt for
a finite period). Asset market equilibrium requires that the total equity holdings of
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individuals equals the total firm value for all three types of firms and that the total
debt holdings of individuals equals the amount of debt issued by all three types of
firms. Implicit in the calculation of these equilibria is that the expectations regarding
all future prices by all individuals and firms must be satisfied.
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